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Max Cut s KAVE

« GivenagraphG=(V,E),acutis a
partition of V into two sets X and V-X
AV T Z7DIERORE

* The size of cut is the number of edges

between X and V-X AvbkDKE=X

— Max cut: the maximum size cut
— Min cut: the minimum size cut

* Problem: Show the size of max cut is at least
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Birthday trick &£ B K)v%

 \WWe have k students in a class.

— What is the probability that there is a pair of
students with the same birthday.

* How large k to attain probability 17?
 How about k=307
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Applications of birthday trick 1

We have n nuts and n bolts
Each nut has exactly one fitting bolt

We can test a bolt and a nut, and find which
Is of larger size.

We can compare two bolts and see which is
larger.

How to find a fitting pair of nuts and bolts
with a small number of comparisons?
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Discrete Logarithm Bt &5 xt $ [l 78

 We have a large prime p and a natural
number g

* Given X, Its discrete logarithm with base g
and modulo p Is a number y such that

gY=xmodp
* We want to compute y efficiently

* Find an O( p ¥2) time method
—You can use the factthatgP=g




Coupon collector problem
J—iR R R

* There are n types of coupons and at each
trial a coupon Is chosen at random. Each
trial Is iIndependent from others. Let X be
the random variable showing the number
of trials required to have all kinds of
coupons. n FBEDI—RU=RIZAST=0IC
AATRDI—RoERDHDEEAID,

— Find the expected value E(X) of X
— Find the variance E(X) of X




Some beautiful formulas

1+1/2+1/3+...4/n<ninn+y
c(s)=1+1/2°+1/3°+1/4°+...=> 1/n°

c(2)=n%16

Chebyshev’s inequality: For a random variable
X with standard deviation 0 and expectation p,
Prob( X —p | >t o) < 1/t2

Stronger tools: Chernoff’s ineuality, Azuma’s
iInequality, which | omit here




Coupon collector

* X(I): the time to find a new coupon after
having |1 different coupons.

— p= (n-i)/n : probability to find a new coupon
 E(X())= 1/p, = n/(n-I)
* V(x(1)) = (1-p)/p = ni/(n-i)°
« Expectation and variance are linear!, so
add x(i) for 1=1,2,..,n

http://www-stat.stanford.edu/~susan/surprise/Collector.html
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Probabillity I1s not linear

* The probability of A or B happens is not
always Pr(A) + Pr(B)

* The probability of A and B happne Is not
always Pr(A)Pr(B)

— When it happens??

— You will see that you should always aware of
above, even in real life....




Puzzle of 100 prisoners

e Story: The names of 100 prisoners are placed in 100
wooden boxes, one name to a box, and the boxes are
lined up on a table in a room. One by one, the prisoners
are led into the room, each may look in at most 50
boxes, but must leave the room then, and is permitted no
further communication with the others. The prisoners
have a chance to plot their strategy in advance, and they
are going to need it, because unless every single
prisoner finds his own name all will subsequently be
executed.

* Problem: Find a strategy for them which has probability
of success exceeding 30%



100 ADANADEE

¢ 100 AORADKEN., T—ILIZ—5IZ3A1=100 1@0)
RFEIZ—DDDA-TWS, HAEF—ADDOEEINT. 5
RS50EDFHEDHEERLHZENTES . B TRITEREL. fth
DRANEDFRZ I TELGL, AAT-BIERETL > TEENE
NTAIENTES, AAEENBETDEZRIZERDITEULE
. 2EDAAN—FIZAFIESNhEESGIZH S

o [BRE: RRIIFERMN3I0%L EIZHA{EEZFIIEE &K



Intuition

The success probability of each prisoner Is
exactly 0.5.

Thus, the probabillity that all prisoners find
their names is (0.5)1%°, which is less than
0.000,000,000,000,000,000,000,000,000,001.

How to increase it to 0.37?
Expectation number of names found is 50.

Concentrate the success!

— If we make “at least 75 prisoners fail” or “all
prisoners success’, we are done. (why??)



